


𝑅 =
1

2
𝑅𝑔𝜇𝜈 + Λ𝑔𝜇𝜈 = 8𝜋𝐺𝑇𝜇𝜈

𝑑𝑠2 = − 1 −
2𝑀𝐺

𝑟
𝑑𝑡2 + 1 −

2𝑀𝐺

𝑟

−1

𝑑𝑟2 + 𝑟2𝑑Ω



𝑑𝑀 =
𝜅

8𝜋
𝑑𝐴 + Ω𝑑𝐽

𝑑𝐴

𝑑𝑡
≥ 0



𝑑𝐸 = 𝑇𝑑𝑆 − 𝑝𝑑𝑉

𝑇𝐻 =
ℏ𝜅

2𝜋
𝑆𝐵𝐻 =

𝐴

4ℓ𝑃𝑙
2

𝑑𝑀 =
𝜅

8𝜋
𝑑𝐴 + Ω𝑑𝐽

ℓ𝑃𝑙
2 = 𝐺ℏ

𝑆𝐵𝐻 =
4𝜋

ℏ
𝐺𝑀2

𝑆 = 𝑘𝐵 ln Ω



Φ 𝑟 = 0, 𝑟 ≤ 𝑟𝐻 + ℎ, 𝑟 ≥ 𝐿

□Φ = 0 □ =
1

−𝑔
𝜕𝜇(𝑔

𝜇𝜈 −𝑔𝜕𝜈)

Φ = 𝑒−𝑖𝐸𝑡/ℏ𝑅ℓ𝑚 𝑟 𝑌ℓ𝑚 Ω

𝑟𝐻 ℎ 𝐿



𝑓 𝑟 𝑅′′ +
2

𝑟
𝑓 𝑟 𝑅′ −

ℓ ℓ + 1

𝑟2
−

𝐸2

𝑓 𝑟
𝑅 = 0 𝑓 𝑟 = 1 −

2𝐺𝑀

𝑟

𝑅ℓ𝑚 𝑟 = exp
𝑖

ℏ
න
𝑟

𝑑𝑟′𝑘 𝑟′

𝑘2 =
1

𝑓 𝑟

𝐸2

𝑓 𝑟
−

ℏ2ℓ ℓ+1

𝑟2 𝑘2 ≥ 0 ℓ𝑚𝑎𝑥 ℓ𝑚𝑎𝑥 + 1 =
𝐸2𝑟2

ℏ2𝑓 𝑟

𝜋𝑛𝑟 = න
𝑟𝐻+ℎ

𝐿

𝑘 𝑟, ℓ, 𝐸,𝑚 𝑑𝑟



𝑁 𝐸 = 

ℓ=0

ℓ𝑚𝑎𝑥



𝑚=−𝑙

𝑙

𝑛𝑟 𝑁 𝐸 =
1

𝜋
න
2𝐺𝑀+ℎ

𝐿

𝑑𝑟න
0

ℓ𝑚𝑎𝑥

𝑑ℓ 2ℓ + 1 𝑘 𝑟, ℓ, 𝐸

𝑥 = 𝑟 − 2𝐺𝑀 ℎ
𝐿−2𝐺𝑀

𝑑𝑥 = ℎ
𝑅
𝑑𝑥+ 𝑅

𝐿−2𝐺𝑀
𝑑𝑥

ℎ → 0 𝐿 ≫ 2𝐺𝑀

𝑁 𝐸 =
32𝐺4𝑀4𝐸3

3𝜋ℎ
+
𝐸3𝐿3

𝜋

𝐹 = −න𝑑𝐸
𝑁 𝐸

𝑒𝛽E + 1 𝐹 = −
2𝜋3

45ℎ

2𝐺𝑀

𝛽

4

−
𝐿3𝜋3

15𝛽4

𝑆 = 𝛽2
𝜕𝐹

𝜕𝛽 𝑆 =
8𝜋3

45ℎ

2𝐺𝑀 4

𝛽3



ℎ =
ℏ

720𝜋𝑀
𝑆 =

8𝜋3

45ℎ

2𝐺𝑀 4

𝛽3

𝑆𝐵𝐻, 𝛽 =
1

𝑇𝐻
, 𝜅 =

1

4𝐺𝑀

ℎ𝑐 ≡ න

𝑟=𝑟𝐻

𝑟=𝑟𝐻+ℎ

𝑑𝑠 = න

2𝐺𝑀

2𝐺𝑀+ℎ
𝑑𝑟

1 −
2𝐺𝑀
𝑟

=
𝐺ℏ

90𝜋



𝑑𝑠2 = −𝑓 𝑟 𝑑𝑡2 +
𝑑𝑟2

𝑔 𝑟
+ 𝑟2𝑑Ω𝐷 𝜅 =

𝑔 𝑟𝐻
𝑓 𝑟𝐻

𝑓′ 𝑟𝐻
ℎ𝑐 = න

𝑟𝐻

𝑟𝐻+ℎ 𝑑𝑟

𝑔 𝑟

𝑔 𝑟 = 𝑔′ 𝑟𝐻 𝑟 − 𝑟𝐻 +
1

2
𝑔′′ 𝑟𝐻 𝑟 − 𝑟𝐻

2 +⋯
ℎ𝑐 =

4ℎ

𝑔′ 𝑟𝐻

□ −
𝑚2

ℏ2
Φ = 0 Φ = 𝑒−

𝑖𝐸𝑡
ℏ

𝑅 𝑟

𝑟
𝐷
2 𝐺 𝑟

𝑌ℓ𝑚𝑖
𝜃, 𝜙𝑖 𝐺 𝑟 = 𝑓 𝑟 𝑔 𝑟

𝑓 𝑟 = 𝑓′ 𝑟𝐻 𝑟 − 𝑟𝐻 +
1

2
𝑓′′ 𝑟𝐻 𝑟 − 𝑟𝐻

2 +⋯



𝑅′′ 𝑟 +
𝑉2 𝑟

ℏ2
− Δ 𝑟 𝑅 𝑟 = 0

𝑉2 𝑟 =
1

𝐺2 𝑟
𝐸2 − 𝑓 𝑟 𝑚2 +

ℓ ℓ + 𝐷 − 1 ℏ2

𝑟2

Δ 𝑟 =
𝐺′′ 𝑟

2𝐺 𝑟
−

𝐺′2 𝑟

4𝐺2 𝑟
+

𝐷

2𝑟

𝐺′ 𝑟

𝐺 𝑟
+

𝐷 𝐷 − 2

4𝑟2

𝑅ℓ𝑚 𝑟 =
𝑐0

𝑃 𝑟
exp

𝑖

ℏ
න
𝑟

𝑑𝑟′𝑃 𝑟′

1

ℏ2
𝑃2 𝑟 𝑃2 𝑟 − 𝑉2 𝑟 =

3

4
𝑃′ 𝑟 2 −

1

2
𝑃′′ 𝑟 𝑃 𝑟 − Δ 𝑟 𝑃 𝑟 2

𝑃 𝑟 = 

𝑛=0

∞

ℏ2𝑛𝑃2𝑛 𝑟



𝑃4 𝑟 = −
5𝑃2

2 𝑟

2𝑉 𝑟
−

4𝑃2 𝑟 Δ 𝑟 + 𝑃2
′′ 𝑟

4𝑉2 𝑟
+

3𝑃2
′ 𝑟 𝑉′ 𝑟 − 𝑃2 𝑟 𝑉′′(𝑟

4𝑉3 𝑟

𝑃0 𝑟 = ±𝑉(𝑟)

𝑃2 𝑟 =
3

8𝑃0 𝑟

𝑃0
′ 𝑟

𝑃0 𝑟

2

−
𝑃0
′′ 𝑟

4 𝑃0 𝑟
−

Δ 𝑟

2𝑃𝑜 𝑟

𝑁 𝐸 = 

𝑛=0

∞

𝑁2𝑛(𝐸) 𝑁2𝑛 𝐸 =
ℏ2𝑛−1

𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟න
0

ℓ𝑚𝑎𝑥

𝑑ℓ 2ℓ + 𝐷 − 1 𝑊 ℓ 𝑃2𝑛 𝑟 𝑊 ℓ =
ℓ + 𝐷 − 2 !

𝐷 − 1 ! ℓ!

ℓ𝑚𝑎𝑥 ℓ𝑚𝑎𝑥 + 1 =
𝑟2𝐸2

ℏ2𝑓 𝑟 2

𝑆 = 

𝑛=0

∞

𝑆2𝑛𝐹 = 

𝑛=0

∞

𝐹2𝑛 𝐹2𝑛 = −න𝑑𝐸
𝑁2𝑛 𝐸

𝑒𝛽E + 1
𝑆2𝑛 = 𝛽2

𝜕𝐹2𝑛
𝜕𝛽



𝑃0 𝑟 =
1

𝑔 𝑟
𝐸2 −

𝑔 𝑟 ℏ2ℓ ℓ + 1

𝑟2

1
2

𝑁0 𝐸 =
1

ℏ𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟න
0

ℓ𝑚𝑎𝑥

𝑑ℓ 2ℓ + 1 𝑃0(𝑟)

𝑁0 𝐸 =
2𝐸3

3ℏ3
න
𝑟𝐻+ℎ

𝐿 𝑟2

𝑔2 𝑟
𝑑𝑟 𝑆0 =

8𝜋3

45ℏ3
1

𝛽
න
𝑟𝐻+ℎ

𝐿 𝑟2

𝑔2 𝑟
𝑑𝑟

𝑆0 =
𝑟𝐻
2

90ℎ𝑐
2 +

𝜅𝑟𝐻
90

−
𝑔′′ 𝑟𝐻 𝑟𝐻

2

360
ln

44𝑟𝐻
2

90ℎ𝑐
2



𝑃2 𝑟 =
𝑃2

0
𝑟

𝐺(𝜀, 𝑟)
+ 𝜆 𝑟

𝑃2
1
𝑟

𝐺3 𝜀, 𝑟
+ 𝜆2 𝑟

𝑃2
1
𝑟

𝐺5 𝜀, 𝑟

𝐺 𝜀, 𝑟 = 𝜀 − 𝜆 𝑟
1
2 𝜀 = 𝐸2 𝜆 𝑟 = ℓ ℓ + 1 ℏ2

𝑔 𝑟

𝑟2

𝑃2
0
𝑟 = −

𝑔′ 𝑟

2𝑟
𝑃2

1
𝑟 =

3𝑔 𝑟

4𝑟2
−
3𝑔′ 𝑟

4𝑟
+
𝑔′′ 𝑟

8
+
𝑔′ 𝑟 2

8𝑔
𝑃2

2
𝑟 =

5𝑔

8𝑟2
−
5𝑔′ 𝑟

8𝑟
+
5𝑔′ 𝑟 2

32𝑔

1

𝐺 𝜀, 𝑟
=
2𝜕𝐺 𝜀, 𝑟

𝜕𝜀

1

𝐺3(𝜀, 𝑟)
= −

4𝜕2𝐺 𝜀, 𝑟

𝜕2𝜀

1

𝐺5(𝜀, 𝑟)
=
8

3

𝜕2𝐺 𝜀, 𝑟

𝜕2𝜀

𝑁2 𝐸 =
ℏ

𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟න
0

ℓ𝑚𝑎𝑥

𝑑ℓ 2ℓ + 1 𝑃2(𝑟)



𝜕

𝜕𝑥
න
𝑎(𝑥)

𝑏(𝑥)

𝑑𝑡𝑓 𝑥, 𝑡 = 𝑓 𝑥, 𝑏 𝑥
𝑑𝑏 𝑥

𝑑𝑥
− 𝑓 𝑥, 𝑎 𝑥

𝑑𝑎 𝑥

𝑑𝑥
+ න

𝑎(𝑥)

𝑏(𝑥)

𝑑𝑡
𝜕𝑓 𝑥, 𝑡

𝜕𝑥

𝜆 = ℓ ℓ + 1 ℏ2
𝑔 𝑟

𝑟2
𝑁2 𝐸 =

ℏ

𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟න
0

ℓ𝑚𝑎𝑥

𝑑ℓ 2ℓ + 1 𝑃2(𝑟)

ℏ𝑁2 𝐸 =
1

𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟
𝑟2

𝑔 𝑟
න
0

𝜀

2𝑃2
0
𝑟

𝜕

𝜕𝜀
𝐺 𝜀, 𝑟 − 4𝑃2

(2)
𝑟 𝜆

𝜕2

𝜕𝜀2
𝐺 𝜀, 𝑟 +

8

3
𝑃2
(2)

𝑟 𝜆2
𝜕3

𝜕𝜀3
𝐺 𝜀, 𝑟 𝑑𝜆

න
0

𝜀

𝜆
𝜕2𝐺 𝜀, 𝑟

𝜕𝜀2
𝑑𝜆 =

𝜕2

𝜕𝜀2
න
0

𝜀

𝜆𝐺 𝜀, 𝑟 𝑑𝜆 −
𝜀

2 𝜀 − 𝜆
ቚ
𝜀=𝜆



𝑁2 𝐸 =
𝐸

ℏ𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟
1

3
−
4𝑟𝑔′ 𝑟

3𝑔 𝑟
+ 𝑟2

𝑔′ 𝑟 2

3𝑔 𝑟 2 −
𝑔′′ 𝑟

2𝑔 𝑟

𝑆2 =
𝜋

3ℏ𝛽
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟
1

3
−
4𝑟𝑔′ 𝑟

3𝑔 𝑟
+ 𝑟2

𝑔′ 𝑟 2

3𝑔 𝑟 2 −
𝑔′′ 𝑟

2𝑔 𝑟

𝑆2 =
11𝑟𝐻

2

90ℎ𝑐
2 −

𝜅𝑟𝐻
10

+
𝑔′′ 𝑟𝐻 𝑟𝐻

2

60
ln

44𝑟𝐻
2

90ℎ𝑐
2



𝑃4 𝑟 =
𝑃4

0
𝑟

𝐺3(𝜀, 𝑟
+ 𝜆 𝑟

𝑃4
1
𝑟

𝐺5 𝜀, 𝑟
+ 𝜆2 𝑟

𝑃4
2
𝑟

𝐺7 𝜀, 𝑟
+ 𝜆3 𝑟

𝑃4
3
𝑟

𝐺9 𝜀, 𝑟
+ 𝜆4

𝑃4
4
𝑟

𝐺11 𝜀, 𝑟

𝑁4 𝐸 =
ℏ3

𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟න
0

ℓ𝑚𝑎𝑥

𝑑ℓ 2ℓ + 1 𝑃4(𝑟)

𝑁4 𝐸

= −
4ℏ

𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟
𝑟2

𝑔 𝑟
𝑃4

0
𝑟

𝜕2

𝜕𝜀2
න
0

𝜀

𝐺 𝜀, 𝑟 𝑑𝜆 +
8ℏ

3𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟
𝑟2

𝑔 𝑟
𝑃4

1
𝑟

𝜕3

𝜕𝜀3
න
0

𝜀

𝜆𝐺 𝜀, 𝑟 𝑑𝜆

−
16ℏ

15𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟
𝑟2

𝑔 𝑟
𝑃4

2
𝑟

𝜕4

𝜕𝜀4
න
0

𝜀

𝜆2𝐺 𝜀, 𝑟 𝑑𝜆 +
32ℏ

105𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟
𝑟2

𝑔 𝑟
𝑃4

3
𝑟

𝜕5

𝜕𝜀5
න
0

𝜀

𝜆3𝐺 𝜀, 𝑟 𝑑𝜆

−
64ℏ

945𝜋
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟
𝑟2

𝑔 𝑟 𝑃4
3
𝑟
𝑃4

3
𝑟

𝜕6

𝜕𝜀6
න
0

𝜀

𝜆4𝐺 𝜀, 𝑟 𝑑𝜆

𝑁4 𝐸 =
1

𝐸
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟Σ 4 (𝑟) 𝐹4 = න
0

∞

𝑑𝑥
1

𝑥 𝑒𝑥 + 1
න
𝑟𝐻+ℎ

𝐿

𝑑𝑟 Σ 4 (𝑟) 𝑆4 = 0



𝑆 = 𝑆0 + 𝑆2 + 𝑆4

𝑆 =
11𝑟𝐻

2

90ℎ𝑐
2 −

𝜅𝑟𝐻
10

+
𝑔′′ 𝑟𝐻 𝑟𝐻

2

60
ln

44𝑟𝐻
2

90ℎ𝑐
2

11𝑟𝐻
2

90ℎ𝑐
2 = 𝑆𝐵𝐻 =

𝐴

4ℓ𝑃𝑙
2 ℎ𝑐

2 =
11ℓ𝑃𝑙

2

90𝜋

𝑆 = 𝑆𝐵𝐻 + 𝐹 𝐴 ln
𝐴

ℓ𝑃𝑙
2

𝐹 𝐴 = −
𝜅𝑟𝐻
10

−
𝑔′′ 𝑟𝐻 𝑟𝐻

2

60



𝑓 𝑟 = 𝑔 𝑟 = 1 −
2𝐺𝑀

𝑟

𝜅 =
𝑔′ 𝑟𝐻
2

=
1

2𝑟𝐻

𝑔′′ 𝑟𝐻 = −
2

𝑟𝐻
2

𝑆 = 𝑆𝐵𝐻 −
1

60
ln

𝐴

ℓ𝑃𝑙
2



𝑑𝑠2 = − 𝑁⊥ 2𝑑𝑡2 + 𝑁⊥ −2𝑑𝑟2 + 𝑟2 𝑑𝜙2 + 𝑁𝜙𝑑𝑡
2

𝑁⊥ = −𝑀 +
𝑟

𝑙

2

+
𝐽

2𝑟

2
1
2

𝑁𝜙 = −𝐽/2𝑟2 𝑙−2 = −Λ

𝑟± = 𝑙
𝑀

2
1 ± 1 −

𝐽

𝑀𝑙

2

1
2

𝐽 = 0 𝑟_ = 0 𝑟+ = 𝑟𝐻



𝐷 = 1𝑔 𝑟 = 𝑁⊥

𝑆0 =
3𝜁 3

4𝜋2
𝑟𝐻
2

𝑙

1

2𝑟𝐻ℎ

𝑊 ℓ =
1

ℓ
𝑆𝐵𝐻 =

𝐴

4𝐺ℏ
=
𝑟𝐻𝜋

2𝐺ℏ

𝑆 = 𝑆𝐵𝐻 + 𝐺(𝐴)

𝑆2 = ℏ ln 2
1

2𝑟𝐻ℎ
−
𝑙

2
−
19

24

𝑙3

𝑟𝐻
2 −

5

8

𝑙5

𝑟𝐻
4 + 2𝑟𝐻ℎ −

3

4

𝑙3

𝑟𝐻
4 −

25

32

𝑙5

𝑟𝐻
6

𝐺 𝐴 =
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